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1. Introduction. Let G be a group and {G,} the lower central series of G, i.e.
G,=G and G,=[G,_,, G] for g=2. Using the second derived group G"=[G’, G’],
Chen defines a descending series of normal subgroups {G(q)} as follows [1]:
G(1)=G and G(q)=G,G" for g=2. For the sake of convenience, we denote
G(0)=(sz1 G(q). Then the quotient group Q(G; q)=G(q)/G(q+1) is abelian. If
G is finitely generated, so is Q(G; q). Q(G; q) will be called the Chen group of G
in this paper.

If G is the group of a (polygonal) link L in the 3-sphere, then Q(G;q) is an
invariant of the link type. The objective of this paper is to show that if L consists
of two components then Q(G; q) is completely determined by its Alexander poly-
nomial A(x, y). More precisely, a group invariant defined by means of A(x, y)
completely determines the Chen group of the link group of L. If L consists of more
than two components, Q(G; ¢) may be determined by the Alexander polynomials
of its subsets. In particular, if A(x, y)=0 then Q(G;q) is free abelian and con-
versely. This is a characterization of a link whose Alexander polynomial vanishes.
As another characterization of such a link, we shall prove that A(x, y)=0 iff the
longitudes of L lie in G(c0).

We shall use the following notation.

Let Gbe a group. [a, b]=aba b=, fora,beG. [a;, ..., a)=]lay, ..., a;_1], a,]
for a,€G. <ay, ..., a, denotes the normal closure of aj, ..., a, & denotes the
free derivative in a free group ring, d the usual partial derivative of a function, and
0 the trivializer. Further let

a a, dk
De(tfr, .., N f = Wﬂ

where the upper suffix k frequently is omitted unless it causes confusion, and let
D*(- - )of=[D*(- - )"
2. A group invariant. Let G be a finitely presented group such that

@1 G has a presentation 2 of the deficiency one,
g(G) = (xl, PR xm:rl, RIS r,,,_l),
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42 KUNIO MURASUGI [March
and

the commutator quotient group G/G’ is a free

2.2
22) abelian group of rank n = 1.

Let F be a free group generated by x, . . ., x,,. Choose a free basis A ={t,, . . ., t,}
of A,=G/G'. Let ®: F— G and ¥': G — A4, be natural homomorphisms(*). The
Alexander matrix M (2, %)= | or,/ox;|*¥ associated to & and A is an (m—1)xm
matrix over the integral group ring ZA4,. The greatest common divisor Ay(ty, . . ., t,)
of all (m—1)x(m—1) minors of M(Z,A) will be called the Alexander polynomial
of (#, ). This is an integer polynomial on fy,.. ., z, with possibly negative ex-
ponents and is determined uniquely up to a unit + ¢, . .t} in ZA,.

Now Ag(ti, ..., t,) depends upon the choice of a basis 2. In other words,
Ay(ty, . . ., t,) itself is not a group invariant. (See an example below.) However, by
means of Ag(zy, ..., t,), we can define a sequence of numerical group invariants
{4},

DEFINITION 2.1. Let A P(A)=0 and define ACA)=ab [Au(ty, .. ., £)]1°().
Inductively, we suppose that 4“(%) is defined for 0</<k—1. For any sequence
150, SipS--- Si,<n, we set

AP () = ab{ S Dl )" Bl tn)},

where «; is the number of occurances of j in the sequence iy, . ... i,. Let d be the
g.c.d. of AO), ..., A%~ D(A). Let AP, (A) be the smallest nonnegative integer
such that A" | k=A‘f_>m_ i mod d. Then we define

AR = ged {4, ., (0}

where iy, ..., i, run over all permutations 1, 2, ..., n, subject to i; i, < -+ L.
If all A%, () are zero, we define 4°(A)=0.
From the definition, the following is evident

A(A) is a nonnegative integer and A®(A) = 0

2.
2.3) for a sufficiently large k.

THEOREM 2.1. {AYXN)} is a group invariant. That is to say, {A*(N)} is independent
of the choice of presentation and free basis N of G/G'. Thus it may be denoted by
{4°(G)}.

Proof. First we should note that A®(%) does not depend upon a particular
choice of the Alexander polynomial.

(Y) The same symbols will be used for the natural extensions between integral group rings.
(%) ab means ‘“the absolute value of .
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Now, from the invariance of the elementary ideals of the Alexander matrix
(Chapter VIII, (4.5) in [2]), we need only show that {A%()} is independent of the
choice of basis of G/G".

Let #={sy, ..., s,} be another basis of G/G’. Then & is obtained from % by a
finite sequence of the following four transformations.

(l) tl_)tl-l’ ti_)ti fO['i g 2:

2.4) (i) =Lty =>4 fori z 2,

(i) h—>ty ta—>t, >t foriz3,
@iv) >t forl =isn-1,t,—>1t,.

Therefore, it is enough to show that A (%) is unaltered under each transformation .
From the definition, it follows immediately that A®(%) is unaltered under (i)
or (iv).

Suppose that & is obtained from % by (i) or (ii). Then it suffices to show the
theorem for n=2. Let #={tt], t;}, e= +1, =0 or 1. By a remark given at the
beginning of this proof, we may assume without loss of generality that A g(t,, t,)
=Au(tit], t;). Since AO(B)=|Ag(1, 1)|=|Au(l, 1)|=A(A), we can assume
inductively that AP(A)=AY(P) for ISk—1.

Let w(e, B) be a sequence 1, 1,...,1,2,2,...,2 of length k, where there are «
I’s and B 2’s. Now by a substitution ¢, =s%s3 and t,=s,, Au(t,, t,) becomes the
Alexander polynomial A g(s,, s,) associated to #. Therefore,

1
ALl ®) = ab {5 DT, " Bl 59}

By means of the chain rule and the usual rule for differentiating product, we
obtain

1 1 &
Bl D(st, 58)° Ag(sy, 55) = el > (}B,)D(;gw, 1270 Ag(ty, tp)etn?
@s B
+ Z Saulss, $2)°D(t1, 15)° Au(ty, t2),
0=SA+u<a+B

IA

where f ,(s;, 52) is a certain polynomial on s, and s,. Since D(t2, t£)° Au(ty, t3)
=0 mod A**»(%), it follows from (2.5) that

B

(2.6) A%, ,(B) = ab {Z eanugj,cgw,,,_,)(su)}.mod gcd. {AO®), ..., A%=D)}.

y=0
This implies that A®(Z) = A%(Y).
CoroOLLARY. If G/G’ is infinite cyclic, then A(G)=1 and A*(G)=0 for k=1.

If G is the group of a link L, A®Y(G) will be denoted by A®(L).
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EXAMPLE.

=5 5
%), &

The group of two links L, and L, are isomorphic, since they have the same
presentation (a, b: ab=ba?). However, the Alexander polynomials are distinct.
In fact, A,(x, y)=xy+1 and Ay(x, y)=x3y+ 1. Then AO(L,)=AL;)=2, AV(L,)
=AM(L,)=1 and A®(L,)=A%(L,)=0 for k=2. Although L; and L, are of
different isotopy types, their Milnor invariants are coincident: p(12)=2, u(112)=
w(122)=1 and p(iyiy- - - i,)=0 for n=4.

3. Structure of F(q)/F(q+1). Let F be a free group with m free generators,
X1+ .., Xm,m<o0. Let &(F) denote the set of generators of F, i.e. S(F)=
{x1, ..., Xn}. We define an order “<” in &(F) in such a way that x; <x; iff i <J.
Now any element of Q(F;q) is a finite product of elements [a;, .. ., aJF(q+1),
a;e F. An element [ay, .. ., a;] of F(q) is called a normal element (of length q) if
all g, lie in &(F). Further, an element [ay, ..., a,] is said to be standard if it is a
normal element and if @, <a, and a;<a3< --- <a, Any standard element is of
the form:

[xi’ xi’ Xiy oo o3 Xiy Xig 1 oo os Xigls ooy Xmy o o s xm]'
o; times o; ., times o, times

For the sake of simplicity this element will be denoted by [x;, x;, x{, ..., x%],
o, ..., o, being nonnegative integers.
Now the group Q(F; q) is completely determined by the following.

THEOREM 3.1 (CHEN). Q(F; q) is a free abelian group whose basis consists of all
standard representatives.

Theorem 3.1 follows easily from Lemmas 3.1-3.7 below.

LemMma 3.1. If a=bDr, .. ., b mod F(r), then for g= 1
k
3.1 [a,ci,....c) = H [b:, €1, . . -, cJ™ mod F(r+q),
i=1
and for q=2,

k
(3.2) lery .- oscal = [ [ ey, .., e &]™ mod F(r+g).
i=1



1970] ON MILNOR’S INVARIANT FOR LINKS. II 45

LemMa 3.2. For qZ3, [a,, az, a3, . . ., a]=[ay, a1, as, . . ., a] " mod F".

LemMMa 3.3. [ay, a;, as, . . ., al=[ay, az, A5y, - - -5 o) MOd F”, where o is a
permutation of 3, . . ., q.

LemMA 3.4.

[a:, a5, as, ay, . . ., ag)las, ay, az, as, . . ., a,)las, as, ay, ay, . .., a;] = 1 mod F”.

Since Lemmas 3.1-3.4 can easily be verified by induction, proofs will be omitted.
(Cf. Lemmas A.1, A.3 and Corollary in [1].)

Let f be an element of F. Let S,=S/(ay,...,a,) be the set of all (proper)
shuffle(®) of «; I’s, a5 2s,..., o, m’s, where oy + - - - +a,=r. For o=a,a,---a,
€ Sy(ey, . . ., o), we denote

of _ __of o) = D
a—w = m and D(w) = D(xal,...,xa').

Then the following lemma is easy.
LeEMMA 3.5. If f€ F", then for any w of S, and x; in S(F),
D'(w)°(9f/ox;) = 0.
If f€ Fyy1, then for any o of S, (0'f/0w)°=0, 0=r=q.
Further we can prove
LemMa 3.6.
e DOt ke = 3 ()0

(3.3) T

where w runs over all elements in S,.

Proof. For m=1, the lemma follows from (3.9) in [3]. Thus we may assume
inductively that (3.3) holds for m—1. In other words,

l . B ar—amf
e DO XY = Z( or )

anl - am

where 7 runs over all elements in S,_, (o,..., a,_;,0). Since any element of
S/(ey, ..., @) is obtained as a generalized shuffle of a certain element of S,_,
and «, m’s, it follows from Lemma 3.3 in [4] that
a'f 0 3r—am 0 8“1» 0
3(@) - (3
l o xm — l am
T a1 PO Xn)f 7] o (D) ]

!l

1

P " D(x3, ..., xpm)°fe,

(®) For the definition, see [4, p. 82].
(*) ¢ denotes the natural homomorphism from ZF onto Z (F/F’).
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where w and 7, respectively, run over all elements in S, and S, _,_.
From Lemmas 3.5 and 3.6, we see

LemMA 3.7. If fe F(q+1), then for any w € S, and x; € ¥ (F),
D'(w)°(of]ox;)? = 0, 0r<aqy.
LeMMA 3.8. Let g be an element of F(q). Then
g =[] [xixp xi, x2ins, ., xgm]pGice - m) mod F(q+1),

where 1 Sisjsm, o+ +oy,=q—2 and

B4 BG,j, ap) = (1 DAY (xp+t, xpint x“"')"(ag)o'
sJs Fir e o0y Pm (ai+])!ai+1!"'am! i > Mi+10 3x,

REMARK. This lemma may be regarded as a generalization of (5.5) in [3].
Proof. Let g=[T [x;, x;, x¥, ..., x2=]?.z, where z € F(q+1). Since

0
(3_x, e, x5, X5, ., xg.m]ﬂ) = (= )= x5 31 =Xy )1 - (1 = X)
it follows that
og\® . . . oz
69 () = 3 na-mr-myes (s (52)

Since D" Y(---)°(0z/0x;)*=0 by Lemma 3.7, we obtain from (3.5) that

1
(+ Dl q! ey

o Am ag ¢
1 D(xl +19 ey Xy )0(5/;;) = (_ l)qﬁ'
This completes the proof.

COROLLARY (CHEN). For g2, the rank of Q(F;q) is

(4— 1)(m+q 2)

In particular, if m=2, then Q(F; q)=Z*"(5).

4. Subgroup Hy(gq). Let F be a free group and let Q be a nonempty subset
of F(F).

DEerFINITION 4.1. Hg(q) is the set of all elements w of F such that for any s,
0<s5<gq, and for any «; € Q and 8 € ¥(F),

4.1 D(oy, . . ., )%0w/oB)® = 0.
It is well known that Hg(1)=F' for any Q. Further, from the definition, it
follows that if g <r then Hg(q)> H(r) and if Q'S Q then Ho(q)> Ho(q).

(®) G" denotes the direct product of r copies of G.
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LeEMMA 4.1. Hy(q) is a normal subgroup of F, and Ho(q)> F(q+1) for any Q.

Proof. It is obvious that Hqy(g) is a subgroup of F. Let g€ F and u € Ho(q).
Since u € F', it follows that u®=1, and hence, [0(gug~!)/0B]® =g®(ou/oB)®. There-
fore, for any s<gq, D(ay, ..., «)°[0(gug~*)/0B)*=0. This is a proof of the first
proposition. Moreover, since Hg(q) contains both Hg(q) and F”, and since
Hg(q) contains F,,, by Lemma 3.5, it follows that Hy(q)> F,,,F"=F(q+1).

For the sake of convenience, we denote Ho(o0)=(),z1 Ha(r).

COROLLARY. Hy(o0)> F” for any Q.

LEMMA 4.2. Let g=|zy, ..., z,] be a normal element of F(q). If z; ¢ Q for some
i23 or if neither z, nor z, lies in Q then g € Hp(c0).

Proof. For any B¢ #(F), (9g/eB)*=(1—z) - - - (1~ 2)((2/2B)[z1, z)°. If 2, ¢ Q
foriz 3, thenforanys=0, D(ey, ..., «)(dg/0B)? contains 1 — z; as a common factor.
Hence D(ey, ..., a,)%(0g/0B)®=0. Suppose that z; and z, are not in Q. Since

zy, 22])'» —(1_ azl)‘b _ _aiz)¢
() - a-=(3) +@-n(z)
D(ey, . . ., a)(0g/0B)® contains either 1 —z, or z;—1 as a common factor. Hence

its trivializer vanishes.
Now we assume that there is defined a mapping = from &(F) into F such that

“4.2) = 7(g) mod F(2).

Let N(g) be the subgroup generated by all normal elements in F(g). We shall
extend 7 to a mapping from N(q) to F(q).

DEFINITION 4.2. Let g=[zy, ..., z,] be a normal element of F(q). If all z lie in
Q then 7(g)=g. Otherwise let z; be the first element not in Q. Then 7(g)=[zy,.. .,
Zi—1, 21, Ziy1s - - -» 24). 7 is extended in the obvious way to a mapping from N(g)
to F(q), which will be denoted by the same letter 7. In particular, we define ~(1)=1.

From (4.2) and Lemma 3.1, it follows

4.3) For any g € N(q), g = 1(g) mod F(q+1).

Further, since g®=g*® for any g € N(q), we see that the following lemma is an
easy consequence of Lemma 4.2.

LeMMA 4.3. Let g=[z,, .. ., z,] be a normal element of F(q). If z; is not in Q for
i 23 or if neither zy nor z, lies in Q, then 17(g) € Hy(0).

By means of =, we shall define a sequence of mappings {r,} from F to F(n).

First, we extend the order in #(F) lexicographically to an order in the set of
normal elements of the same length. More precisely, we say [ay,...,a,]<
[by,...,biff a,<byora,=by,...,a,=bp,, an,1<bp., 0<m<gq.

Using this order, we can write any element of F(q)/F(q+1) as a finite product of
standard elements in a unique way (Theorem 3.1). Namely, for any g€ F(q),
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g=T1k, g mod F(q+1), where g,<g,<---<g, and « is a nonzero integer.
This rule p, which to an element g of F(q) associates a finite product of standard
elements []F., g% will be called the standardization. If g is a normal element of
F(q), then g=p,(g) mod F".

Now we define =, inductively as follows:

For any ge F, =,(g)=ge F(1)=F. Suppose that =,(g) is defined for n=1.
Then we define ,,(8)=7.(g)[7pa7a(g)]7*. Since 7,(g)=7p,7a(g) mod F(n+1),
it follows that 7, ,(g) € F(n+1).

LemMa 4.4. If g € F(n), then v(g)=g for r<n.

Proof. For n=1, Lemma 4.4 is trivial. Assume that Lemma 4.4 holds for n—1.
Since g € F(n) and 7,_,(g)=g=1 mod F(n), it follows that =,(g)=7,_,(g)7(1)~*
=Tpn- l(g) =g.

LEMMA 4.5. If g € F(n) N Hg(o0) then 7, ,,(g) € F(n+1) N Hy(o0).

Proof. Let p,(g)=]Tig# Since F(n)>g, 7.(g)=g, and hence, 7,,:(g)
=g(rp.(g))~*. Since 7,,,(g)€ F(n+1), we only need to show that 7,,,(g)
€ Hg(o0), or equivalently, 7p,(g) € Ho(o0). Now, since g € Hy(0), it follows from
Lemma 3.8 that g; cannot be of the form: [z, z,, z3, . . ., z,], where all z; except
possibly z, are in Q. Thus, Lemma 4.4 follows from Lemma 4.3.

5. Main Lemma. Let F be a free group with two disjoint nonempty sets of
generators Q={x,, ..., x,} and I'={a,, ..., a,}. Let 7 be a mapping from F(F)
to F defined as follows:

7(x;) = x;, 1 n, and

(5. l) "'(ai) = fc:‘ a;, 1

IIA A
A IIA

m,

where f,, € F(2).

We define an order in &(F) as follows. Elements in Q (or I') are naturally
ordered according to their indices, and any element of Q is /ess than any of I
This order can be extended lexicographically to an order in the set of normal
elements of the same length. See §4.

Since 7 satisfies (4.2), a sequence of mappings {,} is well defined.

Now, using f;,, we shall define three endomorphisms v, o and ¢, (r=1) of F as
follows:

) v(x) = x; and wva) = fo,
(5.2) (i) o(x) =x; and ofg) =1,
(iii) ¢, =0 and ¢ =" forr 2 2.

Consider an element w=[W, x,] in F(2). We can write w=wpy(w), where w €
F(3) and py(w) € F(2). Since 7,(W)=7,_1(W)[rpn_17-1(W)]"! and 7y(w)=w, it
follows by induction that

(W) = Wlrpara(W)] ™ HrparaW)] ™1 - - - [7pp_ 17— 1(W)] L.
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We should note that 7,(w) is a finite product of the r-image of standard elements
of the length < h. For convenience, we write 7,(w) in the following form:

(5.3) (W) = W H H gﬂ(k )

2Sk=h-1

where g, ; is a 7-image of a standard element of F(k). Therefore, g2 ; is a standard
element of F(k).
On the other hand, since =,(w) € F(h), we see that p,7,(w) is written as

H ghnD,

where g, ; is a standard element of F(h).

The purpose of this section is to determine the exponent B(k, i) of g, of some
particular type. Denote by B(zy, ..., z,) the exponent of the element [z,, ..., z,]
occurring in 7,(w) or p,7,(w). Then we shall prove

LEMMA 5.1.

—1)r-t owd\e
G4 Bl x ) = S D ()

where §=¢,_, and 3, a;=h—2.

Now to avoid unnecessary complications, we shall prove Lemma 5.1 for n=2,
and use x, y instead of x;, x,. In fact, this is what we really need in the subsequent
sections.

First we shall establish a relation between w and W.

LemMa 5.2. If z € S(F) is different from x, then for A+u>0,
ow (-0 ow\®
A 0 A+1 —1.
Xt DO (82) = 2@ (3)
Proof. Since w=wpy(w),
) - (2" ()"
(82 - ( 0z +(—9; )
On the other hand, (dw/dz)° =(1—x)(0W/oz)?, because of w=[W, x]. Therefore,
L [BWNC  (3ps(W)\° | (0W)°
(5.5) a x)(Tz) - (—az ) +(52-) .

Since (9py(w)/0z2)? is a linear polynomial on x, y or a;, D(x**1, y*)%(dpy(w)/0z)° =0,
for A+x 2 1. Thus from (5.5) we obtain

—(A+i)!p!(AT1)( DD y“)°(aail) (A+})!,L!D(xm’y")°(%§)¢'

This is the required formula.
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The next lemma is a recursion formula involving B(zy, . . ., z,). Let u;=7(a;).
LEMMA 5.3. For p+q<h—-2,pz1,p+q=2,

- 1 r+s - r - p q
B w377 = S o sl 1) G, () (4)

1.8,k

x D(x?~T, yi- s)"(auk) +% DG~y q)o(%fll:/)

where the summation runs over all r, s and k such that 1<r<p, 0=s=<q, 1 Sr+s
Sp+q—1,1=k=m.

Proof. To obtain the required formula, we shall calculate D(x?, y?)%(o+h/oa;)®
from (5.3). Since p+q=2, D(x?, y9)°((8/0a;)[z,, z2])° =0 for z, € L(F). Also, since
8k.; i1s a 7-image of a standard element of F(k), it follows from Lemma 4.3 that
8x.i=I[21,..., 2] € Hg(oo) if z;=u, for some i=3 or both z¢ and z§ are in TI.
Therefore, by excluding those factors which are contained in Hg(o0), we obtain:

For p+g22,

02,y (22" = D yp{ S (=D )

(5.6) 7,8,K,1S7+sSp+q ou ® oW
<=20-r(z) + ()

Since (0w,/0a)?" =38, , and D(x?, y°)°(o,(w)/0a;)=0 for p+q<h—2, because
(W) € F(h), we see that if p+¢=2,

0= 3 3 Atx o x4 )2 (E)rtst(ry oD, yeoe )
+(=1)P*e"1plg! B(x, uy, x?~1, y9)+ D(x?, yq)o(a_ai)'

From this formula and Lemma 5.2, Lemma 5.3 follows.
LEMMA 5.4. For any q,2<q<h-2,

a—-1) — l —1)sta-1 s-1\f 9
o PO 3 S ()

x D(y*~ s)°(a“") +( ')q D(y ")°( ) :
Proof. From (5.3), it follows that if =2,
or,(w)
- of 9Tn
O—D(yq)( aai )

= DO{(- DB a1+ 5 B0 )15 (5) + (3)'}

(e

-> 3 —l)s-lﬂ(y,uk,ys-l)s!(
+(= 1) 18y, uy, yq-1)+z>(yq)°(52) . QED.

)

1=s<gq
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As a special case of Lemmas 5.3 and 5.4, we have
LemMA 5.5. B(x, u)=PB(x, a)=(—1)(@W/oa))*°.
Proof. From the expression
w = [W, 5] = W, 1o [ I, aprses,

it follows that
M _ a-n()’ aw +(x—DB(x, a).
8ai aal

Thus, D(x)°(ow/0a;)®=(—1)(@W[da;)*°. On the other hand, D(x)°(0w/oa,)®=0.
Hence we have D(x)%(0W/oa,)®=pB(x, a;). Thus, Lemma 5.5 follows.

Now we are in position to prove Lemma 5.1.

Since Lemma 5.1 is trivial for h=2, we assume that A>2. Since 7,(w)=
pr7r(w) mod F(h+1), it follows from Lemma 3.7 that

®
D(x"“ M)O(af,,(w)) D(x"“, yu)o(ap+}h)(w)) for A+l"+2 = h.

Thus, Lemma 3.8 shows that

(=pr* 3'fn(w))

A —_ = 7 )\+1 0

59) x5 3, ) = Gy D (T )

where h=A+p+2. By a direct calculation, the right-hand side of (5.8) becomes
(=

()‘+1)| 1 -D(x)\+1, yu)o{z Z (= DB(x, wy, xP71, »)
ou; ow\?
a-ra-pr(3) 4 (G))
(= A+1
= s {2 St v (M) (Bt w202, 0
ou w\?®
.Dx/\+1—p “w— qo( i) +D A+1, uo(_) }’
( () + D0 (5
where the summation runs over all p, ¢ and i such that 1Sp<A+1, 0Sg<y,

1=p+q=sA+p, 15ism.
Now consider the right-hand side of (5.4). By the chain rule, we have

(5.9

1 OW o -1\
—1\2+u-1 0
(= 3 Do ) (__ay )

_ % D yu)o{( ) +Z (6a;) (60?» )w}

Then by Lemma 5.2, the first term of the right-hand side of (5.10) coincides with

(5.10)
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the last term of the right-hand side of (5.9). Thus we only need to show that

a2 2 () (6)ptat (-0 B w2, 59

(s.11) D=7, ()’
. ay

1 A w0 OW\®(atr-1\®
= i 2 3 () (%)
where p, ¢ run over the same range as defined in (5.8).
Now the chain rule shows that

aa% 1 6a, Z oa} 8ak" 2 oafz oy

oay ay ay

- @ - @G)
(5.12) oy 14, Shazm \0G; oa,)\ 0y

at most A—2 factors

Therefore, by induction, we can prove that

Noting that (¢a}/0a,)° =0, we see that

D(x", y‘)°(aag; 1)¢

- ([ 2 (G- G0 (3)

By substituting (5.7) and (5.13) into (5.11), we obtain an expression involving
B(x, u;, x’~1, y*) and D(x", y*)(0u,/0y)®. Compare the term involving D(x**1~?, y*~9)
-(0u;/0y)®. In the left-hand side of (5.11), the coefficient of this term is

(5.13)

1

(5.14) iy 1)»+«()‘Jrl

“)6Cx, w, xo-1, o).
p q

On the other hand, in the right-hand side of (5.11), it is

(5.15) A,l (p 1)( )D(x" ' y")°[z (aaj) ' (ZZ':)] '

Thus it is enough to show that these expressions coincide. Then, by a direct com-
putation, it reduces to

1 ow oa
— + p—1 _— 1 0 . k .
(516) (=17 8053771, = =5 D6 7| (G- (52)]
Now (5.16) will be proved by induction on p+gq.
In the case where p+g=1, i.e. p=1 and ¢=0, (5.16) becomes (—1)B(x, u;)
=(0W/@a,)". This is true by Lemma 5.5.
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Suppose (5.16) holds for r+s<p+gq. Then
(_ 1)p+qﬁ(x’ uy, xp-l, yq)

= zzl%qlr!s!(—l)'“ l(p)( )( 1);;,1,1 D(x""1, y)°

(2 G) - GR G 2o ()

1 p-1 4a)\0) ~ " W

- G—ll)_!?!D("”'l’y" ”(W) +Z;%q! r1s1(7) (2) Gy 25

() GG e ER)

a0 C) e=pm = o=mm (21

(5.17) becomes
(= 1P, w, X7, y7) = mb"‘p_l’yq )0{(%)&(3@? ) ' (SZ‘)}
= 1)'q'D(xp l’yq)oz{( ) ZZ:)}

Since

This proves Lemma 5.1.

6. The group of a link. Let 2(G)=(x,,; r; ;) be a Wirtinger presentation of G
of a link with n components. The standard presentation %, of G is a presentation [6]:

PG = X811 2i2n12j2N),

Whel‘e su = vux‘, 1vi:j1x(:jll‘. 1°
Let F=(x,;, 1<i<n, 1<j<A:) and F=(x;, a,;, 1Si<n, 2<j<A;2). Then there
exists an isomorphism y: F— F defined by

(6.1) x(xi1) = x and x(x,) =aijx, j=z2.
By means of y, we can obtain a new presentation %, of G.
PG = (x,a,;:t-,t,1 Sisn2SjSN),

where 7, ;_1=x(s;,;-1) and t;=x(s;,»)-

It is evident that ¢, ;_,=[x;, u; ;] 'a;; and 1,=[§, x;], where u, ;=x(v; ;) and
&= x(i,2)-

In order to apply lemmas obtained in the previous sections on the link group,
we shall define a mapping .
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Let Q={x,,..., x,} and I'={q, ;}.
First, we define the order “<” in #(F)=Q U I as follows:

x; < a;, foranyi,j, k,
6.2) x; <x; iffi <j,and
ap <@, ffj<lorj=1Lk<m
We extend this order lexicographically to an order in the set of normal elements of

the same length. (See §§4 and 5.)
Now, 7 will be defined as

6.3) @) =t,; and 7(x) = x,.

Since = satisfies (4.2) and (5.1), {r,} also are defined. Further, v, o and ¢, are de-
fined by (5.2). With these endomorphisms and x, we introduce another endomor-
phism 7 of F and & as follows:

6.4 7=yx"'wx and &= oy.
Then the homomorphism 6, in [6] is exactly 5?1, p=1 and
6.5) 0, = ¢x, forp = 1.

Now, Theorem 3.1 shows that a free generator of Q(F;q) is represented by a
standard element of F(q).

DEFINITION 6.1. A standard element [zy, . . ., z,] of F(q) is said to be substantial
if every z, lies in Q. Otherwise, it is insubstantial.

Now the longitude /; of each component L; of a link L represents an element of
the link group G of L. By a suitable choice of the base point of G, we may assume
without loss of generality that /; is represented by £;=[§;, x;] in %(G).

Suppose that L has only two components. Then we can prove

THEOREM 6.1.

66) -1 DG, g)O(%f)'b _ (p‘ DY pxp, x8)° A(x,, x,) mod A®+a- (L),

where $=¢p+q+1-

REMARK. (6.6) remains true if (9¢%/0x,) is replaced by 9£%/0x, in the left-hand
side and (—1)? by (—1)® in the right-hand side.

Proof. Let 7, be the element representing a longitude of the second component
L, of L in the standard presentation Z(G).

Then (6.4) implies that 7%= ¢2, where 0=0,, .., and =g, ... Thus, in order
to prove (6.6) it suffice .0 show that

6.7 Dxt, x8)°(Z8) = (=1L (et x8)° ACxs, x3) mod A *4+ (L),
p' ! plq!
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However, this is essentially what we have proved in [6]. To ensure it we shall follow
the proof of Theorem 4.1 in [6]. To avoid a confusion on notation involved, it
should be noted that x,, x, in (6.7) are denoted by x, y in [6]. First, for the case
p+q=0, Theorem 6.1 is true. Now we may assume inductively that the theorem is
true for (r, s) <(p, q). From the chain rule, it follows that

on® _ on\%(ox? on )o oyl
ox z (ax,) (8x)+Z (ayk 0x
Thus we see that
1 a0 37’0 [
s 26 ()

is equal to the right-hand side of (6.1) in [6]. On the other hand, (7.1) in [6] holds.
By the induction assumption, we obtain

11
Pl D(x", y)° A(x, y) = 0 mod A®*+2-V(L).

Thus the same argument as was used in §§7-8 in [6] shows that we need only
prove that

X¥(r,s)° = I'tY(p—r,q—s) mod A®P+9-1,

(6.8)
Yr,s)° = ApY(p—r,q—s) mod AP*4D,

If in §8 in [6] we replace modulo A*([p+1,g+1]) by mod A?*+?~2, the proof
given there goes through. Thus (6.6) holds.

7. A presentation of the Chen group of L. In this section we shall find a pre-
sentation of Q(G; q) for the link group G.

LemMMA 7.1. Let Z(G)=(x,, a; ;:t; ;, ;) be a presentation of the link group G given
in§6. Let R={t, ;, t,>. Suppose that F(q) N R={wy, ..., W,, ..., w,>, w, € F, where
Wi, . . ., W, are linearly independent mod F(q+1) and w,,,, ..., w, € F(q+1). Then
F(‘]'H) N R=<[Wh xi]’ [W,, ak,l]’ Writy ..oy wp’ 1 §i§r, léla kén, 2§-l§)‘k>'

Proof. In Lemma AS [1] put G=F, H=F(q+1), M=F(q) and N=F(q) N R.
Then H= M and [M, G]=[F(q), F]< F(q+1). Then the lemma follows immediately
from Lemma A5 in [1].

Considey the following disjoint set W, ; of F(q).

Wiy = {t}
a0 Wia={[Xetij 215 2q-2)} forgq =2,

Waa= {{tij @ess 21y - - .» 24_2]} forg = 2, and

Wa.o = {{xi, Xjs 215 - - s Zim1s tims Ziet1s - - - Zq-2)} fOrq = 3,
where z; € #(F) and the ¢-image of any elements in W, ; is standard. Let W, =
U?=l m,q‘
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We should note that if g is an insubstantial generator of F(q) then 7(g) is
contained in W,

LEMMA 7.2. The set W, is linearly independent mod F(q+1).

Proof. Since t;,=a;; mod F(2), W, is in one-one correspondence to the set of
insubstantial generators of F(q). Thus the lemma follows.
Lemma 4.3 implies

(1.2) WyqU W3, < Hg(©).

In the following, we always assume that n=2, i.e. L has only two components
and we use x, y instead of x;, x,; { instead of &,.

Now consider t,=[Z, y]. Let p be the first integer such that 7,(,)’ 2 1 mod F(p+1).
Such an integer p may not exist. If it exists, it is uniquely determined. Thus p
will be denoted by p(G). For the sake of convenience, we say p(G)=co if p does not
exist.

LeEMMA 7.3. Let A%(L) be the first nonzero member of {A*(L)}. Then p(G)=k+1.
Consequently, p(G)=oo iff A(x, y)=0.

A proof follows immediately from Lemma 5.1 and Theorem 6.1.
Now we define a new set R, in F(q) as follows.

For g <p(G), R,={7¢+1(t)} and for g2 p(G)=p,
Rq = {[Tp(t2)a xA, }’"], 0 = A’ w S q—Dp, A+.u' = q—P}
LemMA 7.4. For q2p(G), R, Y W, is linearly independent mod F(q+1).

Proof. Suppose 7,(t)° =1 [x, y, X", y°]#*¥*"%) mod F(p+1). Since 7,(t;)° #
1 mod F(p+1), some B are not zero. Then

[ro(ta), ¥ 31 = [ ] [x, y, x**7, y# #9027y mod F(g+ 1){W).
7,0

This implies the lemma.

LEMMA 7.5. Let g=[W, z] be an element of F(q), q=3, where We W,_, and
ze P(F). Let g=g°%". Then r(g)=gg ' is in Ho(0) N\ F(q+1). p denotes the
standardization p,.

Proof. Suppose We W, ,_,,i.e. W=[xy, t,;, 21, . .., Zg-3). Then g=[xy, t, ;, z1,
vveyZq_g, 2). If z2x,, then from Lemma 3.3 we see that g is congruent to an
element

& = [Xw tij 21y« o5 Zpy Z, Zpi1s - - - Zg-3) mod F”,

where g? is standard. Since g?*=g?, g=g%'=g¢*=g,. Thusr(g)=gg '=ggi'e F"
< Hy(0) N F(q+1).

If z < x,, then from Lemmas 3.3 and 3.4, it follows easily that g=gi g, mod F”,
where g1 =[z, Xy, Z1, - - -5 Zps tijs Zp41s - - -5 Zq-3) and ga=[z, t; ;, X, Z1, . . ., Zg-3).
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We should note that g2, g¢ are standard and g¢ <g$. Let z,, be the first element in
I’ occuring in a sequence z,, ..., z,, a; ;. Then, since 7(z,)=t, =z, mod F(2), it
follows from 3.1 that

— ’
gl = gl = [zla Xks 215+ o 05 Zm—1s tr,s, Zm4lse s zp, ai,j’ zp+1, ey zq—S] mOdF(q+1)

and hence, g=g,"'g, mod F(g+1). Since g*=(g) g3, §=g""=((g"")"'g3)
=g g,. Therefore, r(g)=gg '=g(g17'g2) "' € F(q+1). Next, we have to show
that r(g) € Hg(o0). Since g; satisfies the assumption in Lemma 4.2, g; € Hy(0).
Therefore, Lemma 4.3 shows that gi’*=g; € Hy(c0). Thus, it remains only to
show that g, and g belong to Hy(0).

We consider two cases.

Case 1. Some element in I' occurs in a sequence zy, . . ., Z,_s.

Then, from Lemma 4.2 we see that g% and g belong to Hg(c0), and hence, both
g=g% and g,=g%" are in Hg(c0).

Case 2. z;€ Q for all i.

Then gy,=|z, #,;, Xk, Z1,..., Z4-3] and gy =[z, Xy, Z1,..., Z4_3, 4 ;). Since
(g9) 'g8=g", §=g°"=(g") 'g8*=gi 'g>. Therefore, r(g)=gz '=g(gi'g)""
e F"<F(q+1) N Hy().

Thus, we have proved that if W e W, ,_, then r(g) € Ho(0) N F(q+1).

In the other case where We W, ,_, or W;,_,, the exact same method is
available, but the proof is much shorter, because we already know that g and &
are in Hy(c0). So we shall omit the details.

LEMMA 7.6. RN F(q)=<W,, R,, K,)>, where K, is a certain collection of elements
in Hy(00) N F(q+1) and it will be defined in the proof.

Proof. In the case g=1, since F(1) " R=R={t;,, t;>, Lemma 7.6 is certainly
true, where K; is empty. Suppose that Lemma 7.6 is true for r <q. First we assume
that g <p(G). Since R, and K, are subsets of F(qg+1), Lemma 7.1 implies that
F(g+1) " R={W,,,, K, R,>, where W,,,={[w, z], w e W,, z € #(F)}. We note
that W,,,> W,,,. Take an element g=[w, z] from W,,,— W, ,. Then by Lemma
7.5, r(g)=g(g?®*)~* is in Hg(oo) N F(g+1). Let K, ., be the totality of r(g) for
ge Wq+1— W,+1. This will be a part of K,,, sought. Since, for any standard
generator f of F(q+1), f* is in W,,,, we see that (W ,,>={( W1, K,.1>. Next,
take an element g from K,. Then Lemma 4.5 shows that 7,,.(g) € Hg(0) N
F(g+2). Let K7, denote the totality of 7., ,(g) for g € K. Then it is verified that
Wi, Kp={ W1, Ki41)>. Let Kiy1=Kg, 1 U K. Then <Wa+la Kp={Wy+1,
Kiv1, Kp={Wys1, Ki41). Similarly, we can prove that (R, W,.,>={Rys1,
Wesr). Thus RN F(g+1)=<{ W1, Ry, Koin).

Now consider the case where g2 p(G). Since W, U R, is linearly independent
mod F(q+1), it follows that F(g+1) N R={(W,,, K, R,.1>, where R,.,
={[7,(t2), X", y*, z]}. Of course, R,,;>R,,,. Let K,,,, K., be the same sets as
are defined in the previous paragraphs. Then (W .1, K> =<{W.1, K} .1, Ko 1.
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We shall define the third set K, ,. Take an element g from R,,, —R,, ;. g is of the
form: [7,(2p), x*, y*, z]. If zis in I then g € Hn(0) N F(g+1). Thus s(g)=17,,2(g)
is in Hg(oo) N F(g+2) by Lemma 4.5. If z is in Q then z=x and s(g)=
glro(t2), x**1, y*]~1 lies in F” and hence, s(g) € Hq(0) N F(q+2). Let K’} , be the
totality of s(g) for ge R,,1—Ry+1. Then (R . 1:>=<{Rys1, K[i1>. Let K 1=
Kq+1 Y K7V K[, Then <Wq+1’ ﬁq+19 K> ={ W1, Rys1s Kq41)- This proves the
lemma.

LemMma 7.7. If g is an insubstantial generator of F(q), then gF(q+1) is contained
in (F(q) N R)F(q+1).

Proof. We know from Lemma 7.6 that F(q) N R={(W,, R,, K,>. Let g=
[z1, - - ., 2z,] and z, the first element of I occurring in the sequence zy, . . ., z,. Then,
since z;=t; , mod F(2), we see that

gF(g+1) = [z, ..., z)F(q+1)
= [z21, s Zic1s bk Ziwns - - -5 Zo)F(q+1)
< W, F(q+1) = (F(q) N R)F(q+1), Q.E.D.
From Lemmas 7.6 and 7.7, we obtain immediately

LeMMA 7.8. For the link group G,
0G;9) = ([x, y, x y*1,0 £ A, p £ g=2,A+p = g—2: R, F(g+1)).
Let 7,(t2)’ =11 [x, y, x*, y*1*** mod F(p+1). Since not all B(A, ) are zero,
d=g.cd., , {B(A, p)} is not zero. Then from Lemma 7.8, it follows
LemmMma 7.9.
0(G;q) = 2" forq < p(G) =p,q 2 2,
0G; p) = Z+2Z772,

8. Determination of Q(G;q). To determine Q(G;q) for ¢=p(G)+1, we need
the following

LeEMMA 8.1. Let

M(m,n) = @ e

O . .
a, S M

be an mx (n+m— 1) matrix with entries in the integer ring Z. Let e\(M) be the ideal
generated by A x X minors of M(m, n). Then ex(M)=(d"), whered=g.c.d. {a,, .. ., a.}
and 1 A< m.

Proof. For n=1 or m=1, the lemma is obvious. Thus we assume that the
lemma is true for M(m, i), (M, i) <(m, n). Consider &,(M (m, n)). First we should
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note that it is sufficient to show that &, (M)=Z if d=1. Since &\(M(m, n))>
e(M(m—1,n))=2Z, it follows that for 1<A<m, &(M(m,n))=Z and hence, it
remains to show that ,(M(m, n))=Z. Or equivalently, m x m minors of M(m, n)
generate Z.

Now by the induction assumption, we know that for the matrix

0 a, --- a, 0
N(m—l,n—1)= 0 .02 .an . ,
0 0 az. a,

e(N) = (d}), 1=Ax<m -d =gcd(a,,...,a,).

Consider the set M () of all m x m minors of M(m, n) that contains (1, j) entry a,.
M (j) generates an ideal K| in Z. Then e,(M)=K;+ - - - + K,.

We may assume that a; #0, otherwise by the induction assumption, we are
done. Then K,=(a;), since e,_,(M(m—1,n)=2Z. Consider the matrix N=
N(m—1,n—1). Then by the induction assumption, &,_;(N)=(d"~1). Therefore,
Ky epn_y(N)+(a))=(d 1)+ (a,). On the other hand, any element D of &,_,(N)
can be written as D=a,D+a,b for some m x m minor D of M(2) and some integer
b. Thus e, _,(N)< K, + K. Therefore, K, + K, K, +ep_(N) < K, + K,

Since d, and a; are relatively prime, so are d"~! and a,. Thus e, (M)>K,
+K,=Z.

From Lemmas 7.9 and 8.1, it follows that

LemMA 8.2. O(G;q)xZ3~?+Z7~* for g2 p(G)+1, where d is the same integer
as in Lemma 17.9.

On the other hand, the integer d can be described in terms of A®(L). In fact,
Lemma 5.1 and Theorem 6.1 imply that

A9(L)y =0 forg < p—1,

8.2
®.2) AP-(L) = d.
Thus we have finally:

THEOREM 8.1. Let L be a link with two components. Let d= A®~V(L) be the first
nonzero member of {A*)(L)}. Then

0(G;q) = 2! forq < p,
0(G;q) =~ Z§"?+Z7"% forq Z p.

COROLLARY. A(x, »)=0iff Q(G; q)=~Z"* for any q=2.
As an application, we shall prove the following

THEOREM 8.2. Let L be a link with two components. Then A(x, y)=0 iff each
longitude lies in G(0).
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Proof. Let £ and 7 be longitudes of L. From the remark given in Theorem 6.1,
we see that we need only show that ¢ lies in G(c0) iff A(x, y)=0. Further, Theorem
6.1 shows that we need only show that

8.3) £ € G(0) iff D(x?, y*)%(0¢%%+1/0y)® = 0, foranyk,0 < k = A+p.
Since (8.3) is equivalent to

(8.4) £ € G(n) iff D(x*, y*)°(0¢%+1/oy)® =0, foranyk,0 =<k =A+p < n-2.
we shall prove (8.4).

Now (8.4) is certainly true for n=2. In fact, let {=y*[]; ; a®y mod F(2). Then
§%1=y* mod F(2). Therefore (9£%/0y)° = =0 implies { =T, ; af# mod F(2). Since
a;;=[x;, u;] in G, we see that g;=1 mod G(2). Thus ¢ e G(2). Conversely, if
¢ € G(2), then we can write

(8.5) =[x [ Ix a] [ Iy, av ] | [ay, aw)® mod F(3).
Then £%:1=[x, y]* mod F(3). Thus, (9£%1/9y)°=0.
Now we assume inductively that (8.4) is true for any m <n. Suppose that
D(x", y*)°(0€%+3/dy)® = 0
for any k,0<k=r+s=<n—2. Then by the induction assumption ¢e G(n—1).

Thus we can write

(8.6) ¢= [] [ynxpPoo] lz,. .., 2.-1]° mod F(n),

A+u=n-3
where [z, ..., z,_,] is a standard element in which at least one of z; is in I". Then
[z, ...y Z4-1]%n-1 € F(n). Thus &-1=[7] [x, y, x*, y*1*** mod F(n). Then from
Lemma 3.8 and our assumption, we see that

D(x**2, y4)°(0€%n-1/0y)? = (A+1)!ple(d, p) = 0.
Thus é=]]1[z,..., 2z,_1) mod F(n). Since one of z is in T, it follows that
[z1, ..., Z,-1]=1 mod G(n). Hence, ¢ € G(n).

Conversely, we assume that ¢ € G(n). Then we can write
¢ = I—[ [x, y, x*, y*]EA-» H [z4,..., z;] mod F(n+1)

Atu=n-2

where [z,,..., z,] is a standard element in which at least one of z; is in I. Then
g1 = [ [x, p x\ pPP* mod F(n+1),
Ak

since [z, . . ., 2;]%-1 € F(n+1)forn22. Thus for p+q=n—2, D(x?, y)°(0£%-1/0y)
=0. This completes the proof.
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